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Abstract 

Given the non-canonical relationship between variables used in the Hamiltonian formulations of 
the Einstein-Hilbert action (due to Pirani, Schild, Skinner (PSS) and Dirac) and the Arnowitt- 
Deser-Misner (ADM) action, and the consequent difference in the gauge transformations generated 
by the first-class constraints of these two formulations, the assumption that the Lagrangians from 

u ; 

"^ ' which they were derived are equivalent leads to an apparent contradiction that has been called "the 

non-canonicity puzzle" . In this work we shall investigate the group properties of two symmetries 

>, 
0^ derived for the Einstein-Hilbert action: diffeomorphism, which follows from the PSS and Dirac 

^' 

■^ ■ formulations, and the one that arises from the ADM formulation. We demonstrate that unlike 

(N 

t^^ ■ the diffeomorphism transformations, the ADM transformations (as well as others, which can be 
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constructed for the Einstein-Hilbert Lagrangian using Noether's identities) do not form a group. 
This makes diffeomorphism transformations unique (the term "canonical" symmetry might be 



^ ■ suggested). If the two Lagrangians are to be called equivalent, canonical symmetry must be 

H : 

preserved. The interplay between general covariance and the canonicity of the variables used is 
discussed. 
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I. INTRODUCTION 

An analysis of the two oldest Hamiltonian formulations of the second-order Einstein- 
iilbert (EH) action for metric General Relativity (i.e. Pirani, Schild, and Skinner (PSS) 
l|; and Dirac |2[), was completed in 31,^]. Using the approach of Castellani J5J, it was 
demonstrated that first-class constraints produce a generator for the diffeomorphism in- 
variance^ - the known gauge symmetry of the Einstein-Hilbert (EH) action. This outcome 
contradicts the result of the Arnowitt, Deser, and Misner formulation (ADM, or geometro- 
dynamics) [7|, |8| where the constraints lead to a different symmetry, one which is known by 
many names: "spatial diffeomorphism" , "special induced diffeomorphism" , "field-dependent 
diffeomorphism" , "foliation preserving diffeomorphism" , "one-to-one correspondence" , "one- 
to-one mapping" (see ^ and references therein). It was shown ^, |9| that the PSS and Dirac 
Hamiltonians are related by a canonical transformation of the phase-space variables; while 
the transformation from the Dirac to ADM Hamiltonian is not a canonical change of vari- 
ables. Canonical transformations must preserve all properties of the Hamiltonian. Because 
gauge symmetry is an important characteristic of a constrained system, a difference between 
the symmetries of the PSS (or Dirac) and ADM Hamiltonian formulations indicates that a 
non-canonica 
confirmed in 
ables. Waxing poetic, the term "the non-canonicity puzzle" was coined in pi| to describe 



relationship exists between the two formulations. This truism was explicitly 
4, Isf by the calculation of Poisson brackets (PBs) among the phase-space vari- 



the results of [4, l9|]; but in [Uj, using more direct language, it is called "the contradiction 
that again witnesses about the incompleteness of the theoretical foundations" . The source 
of the "puzzle" or "contradiction" lies in finding how to reconcile the non-equivalence of the 
two Hamiltonian formulations with their corresponding Lagrangian formulations when "it is 
supposed" [l^ or "it is believed" (as in [11{| ) "that each of them is equivalent to the Einstein 



(Lagrangian) formulation" 11 



12|. 



This belief might lead one to conclude that Dirac's Hamiltonian formulation of con- 
strained systems is incomplete HI], and proposals ought to follow on how to redefine the 



primary constraints, on how to use boundary terms, on how to have "two non-canonical 
transformations that compensate each other" [10(|, and on how to modify the PBs through 



^ We understand diffeomorphism invariance (diff) as "active" [6| (p. 62) when "coordinates play no role", 
i.e. transformations of fields written in the same coordinate system. 



H^ 



the extension of phase space^ [ll|, [l2|. But such approaches immediately give rise to a 
general question: why are such manipulations needed for one formulation (i.e. ADM), but 
not for the others (i.e. PSS and Dirac)? Hamiltonian solutions of the "puzzle" proposed 
in 10Nl2| deserve a more detailed discussion; but in this article we shall limit ourselves to 
the consideration of the Lagrangian formulation and the symmetries of the EH'^ and ADM 
Lagrangians. We note that the literature on the Hamiltonian formulation of constrained sys- 
tems contains various treatments with claims that the variables, which appear in the original 
Lagrangian, have different properties (i.e. they might be dynamical and non-dynamical; or 
some variables can be treated as Lagrange multipliers; or some variables are canonical, but 
some not; or some have conjugate momenta, but others do not need them; or that secondary 
first-class constraints can be "promoted" to primary first-class constraints, et cetera (see |4| 
and references therein)). This plethora of treatments through which different results may be 
obtained, depending on the ingenuity of an investigator, leave an impression that the Hamil- 
tonian method for constrained systems is an art, not a defined and unambiguous procedure 



(or, as suggested in |l0l-ll2| that it is not yet a procedure). 

Instead of relying upon the first-class constraints, as in the Dirac procedure, one may 
use the Lagrangian formulation of a singular system to derive symmetries from the Noether 
identities. The differential relationships among the Euler-Lagrange derivatives are linked to 
the gauge transformations; thus the treatment of the Lagrangian is free from the artistic 
approaches that have been applied to the Hamiltonian. Lagrangian symmetries describe 
a transformation in which all fields are treated on the same footing, irrespective of the 
name assigned to them (e.g. "dynamical" and "non-dynamical", et cetera). The differen- 
tial identities (DIs) involve the Euler-Lagrange derivatives with respect to all fields. We 
must emphasize that the Lagrangian and Hamiltonian methods should have the same math- 
ematical rigor; but the main reason for us to consider Lagrangian symmetries is to aid in 
developing a criterion for the equivalence of two Lagrangians in light of this "puzzle" . 

In [^ , an analysis of the Hamiltonian formulations of Dirac and ADM was performed; it 



^ Such an extension is obtained by replacing the classical EH action by "the effective action including gauge 

and ghost sectors" [ll|, ll2|. 
^ In PSS [1| the gamma-gamma part of the EH action is considered; and Dirac in [2] made some additional 
manipulations in this Lagrangian. In spite of these modifications, both formulations lead to exactly the 
same equations of motion as the original EH action; and the metric is an independent field- variable in all 
of them. 



was concluded that if two Hamiltonian formulations are not related by a canonical trans- 
formation and if they have different symmetries (i.e. they are not equivalent), then the 
corresponding Lagrangians are also not equivalent, contrary to the "belief which forms the 
basis of the "puzzle". If two Lagrangians are not equivalent, then the results of % |9[ are 
fully consistent, there is no puzzle, and the theoretical foundations are sound. The conclu- 
sion drawn that PSS and Dirac are not equivalent to the ADM formulation was based on 
the belief of the authors of [4] that Dirac's Hamiltonian method for constrained systems is 
an unambiguous procedure, applicable to any theory, that leads to a unique symmetry that 
corresponds exactly to the symmetry present in the Lagrangian. 

The change of variables used by ADM [7|, |8| to go from the metric tensor g^^ of the EH 
action (used in PSS and Dirac) to the ADM variables (lapse A^, shift A* and space-space 
components of the metric tensor -ykm)^ is 

N = i-g"') -"^ ' ^^ = -^ .i^.n = g^^. (1) 

which is invertible, but not covariant. It is this condition of invariability that some view as 
sufficient for the EH and ADM Lagrangians to be equivalent. But this conclusion is not an 
obvious one to make when dealing with singular Lagrangians. In the Hamiltonian formula- 
tion of a singular and covariant Lagrangian, gauge symmetries are derived from the first-class 
constraints; at the Lagrangian level, gauge symmetries are associated with the existence of 
the Noether identities (l3p. The invariability of redefinition ([T]) allows one, starting from 
known transformations of one set of variables (e.g. bi,ig {s'/^j/}), to find the transformations 
for another set (i.e. ^^iif {A, A^*, 7^^}), and vise versa (i.e. from Sadm {N, N\'ykm} one 
finds Sadm {gfMu})- For example, one can also check whether 6adm, which is a symmetry 
of the ADM Lagrangian, is also a symmetry of the EH Lagrangian (i.e. whether the EH 
Lagrangian is invariant under transformations give n by Sadm {Qhu})- Direct calculation is 



difficult; but by the converse of Noether's theorem 13|] (i.e. if an action is invariant under 
some symmetry, then there exists the corresponding DI) and by assuming that Sadm {dfiu} 
is an invariance, one can find the corresponding DI^ and directly check it. A shorter ap- 



'^ We employ Greek letters for space-time indices: /u = 0, 1, 2, 3. Latin letters for space indices: fc = 1, 2, 3, 
and "0" for the time index. 



^ For an English translation of Noether's paper se e [l4l | 

^ Such constructions were described by Schwinger 15|, see also 16 1 



proach is to connect a new DI to a known DI of the EH action; in addition, any DIs that 
are independent hnear combinations of known DIs also describe symmetries. In such a way 
it is not difficult to demonstrate that 5adm {duv} is indeed a symmetry of the EH action. 
Conversely, one starting from ^diff {g^v} can find Sdig {N.N^.'^i^m} and check that it is a 
symmetry of the ADM Lagrangian by using its DI (e.g. see p. 17 of [17]). In a similar way, 
linear combinations of the DIs can be used to construct other transformations that will be 
symmetries of both the EH and ADM Lagrangians. But do these relationships prove the 
equivalence of the EH and ADM Lagrangians? One may also ask why it is that when using 
the Hamiltonian method, one particular symmetry follows from the constraint structure, 
but in the Lagrangian, we apparently have an infinity of equally good symmetries? Such a 
non-uniqueness should be a warning sign^. 

The key concept that allows one to distinguish among the numerous symmetries due to 



the Lagrangian approach may be found in [ll|, where it is suggested that Dirac's method 



is incomplete. According to [Uj, "the difference in the groups of transformations is the 
first indication to the inconsistency of the theory" (italic is ours). This key concept can be 
used to answer the question about how to classify all symmetries that can be constructed 
for one Lagrangian: which of the symmetries have group properties and thus constitute 
the "basic", "true", or "canonical" symmetries? This also allows one to compare two La- 
grangian formulations by matching those symmetries that have group properties for each. 
A related question is: if only one symmetry has the property to form a group, is it the 

symmetry that the Hamiltonian formulation produces (or should produce)? At least for the 

I I 

EH Lagrangian, where diffeomorphism is a gauge symmetry with a group property [19], its 
Hamiltonian formulation l|, |2| leads exactly to this symmetry |3|, \^ without any extension of 
Dirac's procedure. Now consider going from one Lagrangian to another by performing some 
invertible change of variables. If the symmetry that had a group property in the original 
formulation ceases to have a group property in a new formulation, but another symmetry 
that did not have group properties in the original formulation "develops" group properties 



^ Of course, these questions can be avoided assuming that "Hamiltonian dynamics is not completely equiv- 
alent to Lagrangian formulation of the original theory. In Hamiltonian formalism the constraints generate 
transformations of phase-space variables; however, the group of these transformations does not have to be 
equivalent to the group of gauge transformations of Lagrangian theory" [18| . Such an assumption elimi- 
nates a "non-canonicity puzzle" or, alternatively, it provides the solution: the EH and ADM Lagrangians 
are equivalent, but the corresponding Hamiltonians just happen to pick different symmetries. 



in a new formulation, is this "the first indication to the inconsistency of the theory" [11 1 
or is it proof that the two Lagrangian formulations are not equivalent? Perhaps a change 
of variables that creates such a result should be called "non-canonical", in analogy with 
Hamiltonian terminology where a non-canonical change of variables also causes a change of 



symmetries 



flt 



The investigation of the symmetries of the two Lagrangians (EH and ADM), which are re- 
lated to each other by the change of variables ([1]) , is a less cumbersome calculation to perform 
compared with the Hamiltonian method; the same is true of the study of whether a symme- 
try with a group property, of one Lagrangian, is also a symmetry with a group property, of 
the other Lagrangian. But for non-covariant changes such an investigation is complicated. In 
particular, to identify a symmetry with a group property, the commutators of two transfor- 
mations must be considered, and in the case of field-dependent structure functions, higher, 
nested commutators are needed. For non-covariant variables these calculations must be per- 
formed separately for different fields, and the consistency of different commutators must be 
checked. In this article we discuss the simple parts of the calculation that one may perform in 
a quasi- covariant form, and consider two symmetries of the EH Lagrangian: transformations 
of the metric tensor g'^'^ under diff {^diffQ^") and under ADM transformations {SaomQ'^'^)- 
We also compare their group properties. In the next Section we briefly review some results 
relevant to the diff invariance of the EH action with an emphasis placed on the role of DIs, 
their direct connection to the form of the transformations, and the possible construction of 
additional symmetries by using combinations of DIs (i.e. the results that will be needed for a 
discussion of SaomQ'^'^)- In Section HI we demonstrate the invariance of the EH action under 
the ADM transformations SadmQ^'^ i and show that unlike diff, the SadhQ'^'^ do not constitute 
a group. More cumbersome calculations of the group properties of the same transformations 
of the ADM variables, Sdijj {N, N\ jkm} and Sadm {N, N\ jkm}, for the ADM Lagrangian 
are in progress and will be reported elsewhere. In the Conclusion, we summarize our results 
and discuss the consequences of Sdijj {N,N\^km} and 6adm {N,N\'jkm} either having or 
not having group properties, in all possible combinations. Finally we comment on the role 
of covariance. 



II. SYMMETRIES IN THE LAGRANGIAN APPROACH OF THE EINSTEIN- 
HILBERT ACTION 

There are statements in the hterature such as: "...one of the advantages of the Hamilto- 
nian formulation is that one does not have to specify the gauge symmetries a priori. Instead, 
the structure of the Hamiltonian constraints provides an essentially algorithmic way in which 



the correct gauge symmetry structure is determined automatically" [20| . We note that this is 



not a special or exclusive property of the Hamiltonian method^. The Lagrangian approach 
also provides an algorithm, which is due to Noether's second theorem for finding gauge 
symmetries [l3|, |lj] , that connects these symmetries with the DIs - combinations of Euler- 
Lagrange derivatives that are identically equal to zero (off-shell). The Hamiltonian method 
provides an algorithm for finding and classifying constraints (all first-class constraints are 
needed to find a symmetry); in the Lagrangian approach, DIs can be built using an iterative 
procedure. For the Einstein-Cartan (EC) action, which has richer symmetry properties than 
EH, such a construction was performed in [16|. In the same way, DIs can be built for the 
EH action j^. The relative simplicity of such calculations is due to the covariance of the 
theories considered. It would be a much more complicated procedure to try to find DIs 
in non-covariant theories, or non-covariant DIs for covariant theories. Of course, for any 
theory for which there is no a priori knowledge of the existence of gauge symmetries, it 
is unproductive to search for identities without preliminary analysis. The first step is to 
determine if a Lagrangian is singular, by evaluating its Hessian: 

^a/3 ^ f> ^ ^ (2) 

where Qa are the time derivatives of Qa - the independent fields of the Lagrangian. If the 
determinant of the Hessian is zero, then the Lagrangian is singular; the rank of the Hessian 
is related to the number of independent DIs that can be found. It should be noted that 
singularity of the Lagrangian is a necessary condition to have a gauge symmetry, but not 
sufficient (the simplest example is the massive vector (Proca) field where the Lagrangian 
is singular, but has no gauge symmetry). The rank of the Hessian provides only an upper 



It has to be admitted that apphcations of Hamihonian methods can lead to very long and cumbersome 
calculations, which in some cases, are not straightforward. 



bound on the maximum number of independent gauge symmetries. The Hessian is often 
written for velocities, even for the Lagrangian of covariant theories; but time is not special 
for covariant theories and singling it out is unnecessary. 

In the Hamiltonian approach, knowledge of the first-class constraints is sufficient to re- 
store gauge invariance: for example, by using the Castellani procedure |5|. Although there 
are some modifications of the Castellani procedure, they must be used with care (see 21|). 



Similarly for Lagrangians, if the DIs are known, then transformations can be found using 



the explicit connections of the DIs and the transformations |13l . Il5j . The approach described 
for finding a priori unknown Lagrangian symmetries is general; but for the EH action, a 
well-known covariant DI had already appeared, along with the EH action^ itself, in Hilbert's 



paper [23 1 



10 



We shall briefiy illustrate the application of this general procedure to the EH action. 
These results will be needed, used, and compared in the next Section, where the ADM 



symmetry is discussed. The Einstein-Hilbert action is 25 



Seh = / -^ ^''^ = / y/~9R d^^ 1 (3) 

where g = det gf^^, L is the scalar density (Lagrangian density) and the Ricci scalar R, Ricci 
tensor i?^,^, and Christoffel symbol F^^, are: 

p „fJ.i' p p -pa -pa _|_ -pa -pl3 -pa -pfi /a\ 

-'^ ~ g ''^fj.uy J^iJ.11 — J- fiu^a '- fia,u ' ^ fiu^ afi '- fif}^ au ' \^) 

^'^u = 2^"'^ ^9i.p,u + gup,^, - gi.u,p) ■ (5) 

The variational, Euler-Lagrange derivative (ELD) of the EH action is 



(6) 



dgafs V2 / 

where G"^ = R°'^ — ^g'^^R is the Einstein tensor. 

It is not difficult to find the DI by using a general construction similar to that performed 
for the Einstein-Cartan action [16'. Under the reasonable assumption that a covariant theory 



^ So, it is not easy to recognize this due to Hilbert's presentation and also complications with coupling to 
Mie's electrodynamics. In addition, this identity was known before any connection was made to Euler- 
Lagrange derivatives of the EH action - this is simply the contracted Bianchi identity [2 

^"^ For an English translation see [2. 



should also have covariant identities, and given the rank of the Hessian for the EH action, the 
Dl follows almost immediately. The rank of the Hessian is six; and because the second-rank 
metric tensor has ten independent components, there should be four independent DIs. The 
four covariant identities that one can build from the ELDs, which are covariant symmetric 
second-rank tensor densities, consist of either four scalars or one vector. It is impossible to 
construct four scalars from the ELDs; but to find a true vector, one may take a covariant 
derivative of a second-rank tensor to yield: 

jM = E':^^ = E^J + T^^pE''^ = 0. (7) 

By direct substitution, one can easily confirm that this combination is identically zero. 



Schwinger's paper 15| contains a description of how to construct the DIs from known 
gauge transformations; and in correspondence to Noether's theorem, this process also applies 
in inverse order, through the converse relationship between DIs and transformations. One 
forms a scalar from a vector DI (JTj) by using the gauge parameters of appropriate tensorial 
dimension followed by equating the scalar to variations of the action. One writes 

SSeh = [ Sg^.E^^'d'^x = j i^I^d^x , (8) 

and performing integration by parts yields 

j i.Pd'x = j i, [E^: + KpE^p) d'x = J (~^,,. - ^e.,M + r^.e.) E'^'^d^x , (9) 

then one obtains 

Note that the coefficient \ also appears when symmetries are restored in the Hamiltonian 



approach 



a 



but this result is usually presented in a different form. The constant | can 
be incorporated into a gauge parameter without any effect on the results; and we will use 
the shorter form 

which is a manifestly covariant expression, a consequence of using a covariant DI. Knowledge 
of this transformation allows one to also find transformations for any combination built from 
the metric, for example. 



5mT% = -^V^,^,^ + T^Q - r^^ej - K^C - il, , (12) 

5diffR^lu = -i''R^lu,p - i'^fjiRup - ^'^uRfj.p ; ^R = -i''R,p ■, (13) 

and 

^diffGfiu = —^'^G^y^p — i'^^Gyp — C'^yGpp . (14) 

We note that gauge parameters in general, and the C,. o f the EH action in particular, are 
field-independent, as was explicitly stated by Hilbert [23|], Noether 13|], and others, and by 



:losenfeld, in the first discussion on the Hamiltonian formulation for a singular Lagrangian 



27|^^. Further, the methods used to restore gauge symmetries, such as the Castellani 
approach [g], are also based on the condition that the gauge parameters be field-independent. 
Our goal is to compare the diff transformations with the ADM transformations of the 
same EH action; therefore, transformations of the same variables (i.e. the metric tensor) 
under ADM are needed. For this purpose we find them from the transformations of ADM 
variables by using their connection to the metric ([T]). The lapse and shift are expressed in 
terms of contravariant components, so it is easier to find the transformations of contravariant 
components of the metric from the ADM transformations. Of course, transformations of 
covariant and contravariant components of the metric have a simple relationship due to 
gpug''°' = 5^; but for our discussion, it is preferable to know the DIs that lead directly to 
6 diff g'^"- There are a few ways to find a DI that is expressed in terms of a covariant ELD; 
we might use a DI that is already known, and consider 

which is also an identity. After performing some simple rearrangement, we obtain 

la = gapl^ = -2 (g^'E^^)^^ - g^^Ep, . (16) 

Repeating steps ([8]) - ( ITTj) for a covariant DI, Jq, and using 

8Seh = J Sg^^'Epyd^x = j Clad'x , (17) 



11 



For an English translation see 28 1 



10 



we obtain 

5d^ffg''' = c^'^" + e.^^" - ^r« r (18) 

(here we also incorporated the constant ^ into the gauge parameter). 

But do these transformations form a group? To answer this question, the commutator 
of two transformations is needed (i.e. [62, Si]) for which it should be possible to present the 
result in the form of a single transformation, but with a new parameter (^[1,2]; 

[^2, 5i] 9'"' = {S2S1 - 6162) gf"- = <J[i,2]^^" . (19) 



This result was found by Bergmann and Komar 19|] in the following form 



?ri,2] = ^ktfs - ^ki^ ■ (20) 

To shorten the notation, we henceforth eliminate the subscript diff. Because of the anti- 
symmetry of this expression, this combination is equivalent to one with covariant derivatives 

to c/^fo cP c^ ■ (n^\ 

^[1,2] — ?2Sl;/3 ~ S1^2;/3 ) \'^^) 

this form explicitly shows that the new parameter, ^[^ gi , preserves its vector form. 

Because there are no fields in parameter redefinition (l20l) . it remains unaltered when we 
consider a double commutator, i.e. 

toi cP ca t/5 t" (nn\ 

'5[[l,2],3] — S3?[l,2],/3 ?[l,2]^3,/3 • \^^) 

In general, the field-independence of a new parameter is a sufficient condition to have a 
group, but not a necessary condition. Should fields appear, additional calculations of the 
double commutators must be performed to find a definite answer. From (pT!) one may 
conclude that the diff transformations form a group. Therefore the Jacobi identity follows 
for any transformation with group properties; that is 

([[^2, 5i] , 53] + [[^3, ^2] , 5i] + [[5i, 5,] , ^2]) g'" ^ 0, (23) 

which is equivalent to a simple relationship for the gauge parameters of the double commu- 
tators, 



11 



^[fl,2],3] + '^[f3,l],2] + ^[p,3],l] = ^- (^^) 

Note that all of the above expressions (ELDs, DIs, transformations, and even the redefini- 
tion of parameters that support group properties) are written in manifestly covariant form; 
the expectation that the results must be covariant in a covariant theory can be used to ob- 
tain some solutions to avoid direct calculation (e.g. construction of a covariant DI). We can 
use these properties to find symmetries by using the Lagrangian approach; but a different 
method can be found in the literature that has the name "the Lagrangian approach" (see 



29| and references therein). It proceeds by singling out one coordinate, time, followed by 



a long sequence of calculations to find symmetries. For the covariant theories discussed in 



29| this approach has unnecessary over-complications; the Noether DI is used as an input 



in this method anyway. If the Noether DI is known, then to find a transformation requires 



a one-line calculation (as (|8]) - fITT]) ). not the pages of calculation as outlined in 29|. This 

particular "Lagrangian approach" resembles the Hamiltonian one, and it may be of use to 

those who want to trace down explicit connections between the Lagrangian and Hamiltonian 

methods at different stages in the calculation. 

We note that Lagrangian methods are general and unrestricted by the covariance of an 

action; therefore, all of the results above can be obtained without making reference to or 

taking guidance from covariance, although considerable difficulties may arise. But for any 

Lagrangian with an a priori unknown gauge symmetry, one should be able to find a DI by 

using only ELDs of a given action. 

I i 
According to Noether's second theorem [131], there is a maximum number of independent 

DIs, but apparently there are no additional restrictions. Are the DIs (ITj) and (IT6ll for the EH 

action and Sdijf transformation ( IT8|) unique? Keeping covariance, there is little freedom to 

construct a new DI (see flTSj) ) and its corresponding transformation; and for the EH action 

the covariant DI ([7| is unique. But for the EC action there is greater freedom to construct 

covariant DIs (see [l6|). If the restriction of covariance is lifted, then the number of new 

combinations of DIs and new gauge transformations become unlimited; they can be found by 

using a very simple manipulation, without the need for further calculation (of course this is 

true if only the transformations are of interest; but it could be a complicated task to find, for 

example, a commutator like ( !T9|) . or to calculate the Jacobi identity). If the DIs are known 

(e.g. (IT6l) ). one can start to build combinations of them that are obviously also DIs. And 

12 



by using the approach of 15|] one may obtain the corresponding transformations. Despite 
considerations of simphcity and the manifest covariance of the DIs and transformations, are 
all such transformations equally good? According to Noether's theorem, which is a general 
result, the existence of a maximum number of independent DIs is an important characteristic 
of a singular Lagrangian. From the rank of the Hessian of the EH action, we know that the 
maximum number of independent DIs is four. So one can obtain four new DIs by using. 



A^) = -^H (dafs) I^l , 



(25) 



where /^ is a known DI, {v) is not a covariant index, just a numbering of the DI, and 
Ff X {gap) are some functionals of the metric that also need not be covariant. The only 
restriction on ( l25l) is that the combinations be linearly independent, that is. 



det 



a/(,) 



dl„ 



^0. 



(26) 



Using the approach of [l5|, one must consider combinations of these four new DIs, /(^), 
with four gauge functions, e^'^^; after performing an integration by parts, as in ([H]) - ( TTTT) . one 
can easily read-off the new transformations with four gauge parameters. One may equally 
well perform the following rearrangements: 



£('^)/V)=£(^)F,^,,(^«/3)/, = |^/; 



^l ) 



(27) 



after which, transformations of the metric would have the same form as before, but with a 
different, field-dependent, gauge parameter: 



e = e^^^Ff) {9a,) ■ (28) 

Therefore (128|) is a different transformation from (fT8|) : for example, even its form cannot 

m of 



be preserved in calculations of the commutators 



two such transformations. The 
independence of gauge parameters, stated in p^, l23|, l27|], and |5|, is not contradicted by 
( l28l) . because it is merely a short form of presentation of the results. In a full expression, 
the field- independent parameter would appear {e^"^). But the "quasi-covariant" form (l28ll 
could be useful in performing calculations. This idea will be explained in the next Section, 
where one particular case of fl25l) - fl28|) is discussed: the ADM transformations. 



13 



We note that Noether's theorem and the exphcit connection between DIs and gauge 
transformations (as in |l5y considerably simphfies the analysis of singular Lagrangians. 
For example, the construction of new transformations, as outlined above, can also be used 
to check the validity of some proposed or "guessed" transformations. Assuming that a 



transformation is correct, one would follow 



15| to construct a corresponding DI candidate 



that can be checked by direct substitution of the ELDs. If the candidate is a true DI, then 
by the converse of Noether's theorem, it is a symmetry. By checking an identity one may 
manage expressions of any complexity because terms of different types can be considered 
separately; this property is very important for dealing with non-covariant expressions (i.e. 
all terms with a particular derivative of a particular field should be zero independently of 
the rest of an expression). This method is simpler if some DIs are already known; in such a 
case, one may express the new DIs as combinations of known identities, as in fl27|) (e.g. see 



ITJI). which is sufficient confirmation of the correctness of the proposed transformations. 



III. ADM SYMMETRY OF THE EH ACTION 

The transformations of the ADM variables, 5adm {N,N^, 'jkm}, that follow from the con- 
straints of the ADM Hamiltonian are well-known; and using ([T]) allows one to find the 
transformations of the metric tensor, 6adm {g^'^}- They can be presented in the following 
form: 

SADMg''' = ta"' + C^'" - gi'a^C (29) 

with ^" given by 



C = s^o {-g'T ^^ + ^l 



„Ofc 

_fc _,_ y 



e^ + -^{-g''y 



g" 



e.g. see appendix of [5[, for more detailed calculations in j^ and also |19|). 



a 



(30) 



This representation helps one to see the origin of some of the names of the ADM transfor- 



mations: "specific metric-dependent diffeomorphisms" 30| i_or "a one-to-one correspondence 
between the diffeomorphisms and the gauge variations" [31"|, or "diffeomorphism-induced 
gauge symmetry" [3^. From the discussion at the end of the previous Section, one may 
see that ( 130|) is one of many possible "field-dependent diffeomorphisms" and "one-to-one 
correspondence". Using the transformations ( 129|) . the corresponding DIs can be restored. 

14 



Because they are combinations of the known covariant DIs and they are also the identi- 
ties, the transformations f l29|) represent the gauge symmetry of the EH Lagrangian. So 
whatever the field dependence of the transformations of the form shown in fl3Up might be, 
these transformations are guaranteed to be a symmetry of the EH Lagrangian. We can also 
explicitly find separate identities that correspond to each parameter (e-*-, e^) of the ADM 
transformations: 



CIu = e 



± 



^ (-/")* 4 + H")'/o' 



+ E»4 , (31) 



which in turn, give two DIs to describe the ADM transformations: 

with 

^^ = f5oH")^^^+N")^^o, (32) 

and 

h = h. (33) 

These are obviously DIs since they are linear combinations of the components of the covariant 
DI. 

The names "field-dependent diffeomorphism" and "one-to-one correspondence" are mis- 
leading. This transformation is different from diffeomorphism and even its resemblance to 
diff in "form" disappears if one were to calculate the commutator of two such transforma- 
tions. The previous relation for diff ( l20l) changes and a simple substitution of ( 13T|) into ( l20|l 
is not equivalent to the direct calculation of the commutator 



S[l,2] T S2Sl,/3 '52 SI,/ 



in which extra contributions appear. This was noticed in 32|: "It is impossible to get for 
(^3 [our ^M 21 ] the standard diffeomorphism rule" and so the transformation with parameters 
f l3Up is not a field-dependent diffeomorphism, but a different symmetry. Even the formal 
resemblance of diff transformations does not survive in the commutator. 

Let us try to find the commutator of two ADM transformations. From now on we shall 
eliminate the subscript ADM, and use ^admQ^^ = ^g'^^ to abbreviate the notation. The 
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quasi-covariant form of (130|) allows one to simplify the calculations by using some of the 
results from the previous Section, and then to consider the transformations of all of the 
components of a contravariant tensor at once; this is impossible to do when the ADM 
Lagrangian is analyzed. 

In performing the calculation of the commutator of the ADM transformation, that is 



(^2^1 - S^6,) g^'' = ~6, (il^g^^ + ^f,,^^" - g%^i^) - 6, (l^^^"" + 1^9"'' - 9^:12 

the result found differs from that obtained by calculating the commutator of the diffeo- 
morphism transformations; this difference exists because of the presence of the fields in (^" 
(which is an abbreviated form (l30l) . not a field- independent parameter). Consider 



8281 - 6,62 g''" = c,j29''' + e,j29'''' - {529n,. er - iiM''^ - ^1^9"" + {Si9n,a ^2 



the terms in the first line (no contributions with 6^°') give the same result as that for the 
known diff (with ^"'); the second line produces additional contributions that can be combined 
into the following form: 

(52er - Sii^) ^ ^^" + {^2^^ - 8il^) ^ 9""^ - 9% {m - hl^) ■ 

After making some simple rearrangement, we obtain a general expression: 

eri,2] = Ifiip - lllh + ^^Ci - -^le? (34) 

with additional contributions that must be explicitly calculated for the particular field de- 
pendence of the parameters. 

In the first two terms of (IMI) , we merely substitute (l30ll ; and in the last two terms (which 
are zero if parameters are "field-independent"), we have 



'^2lr-<5ie? = 5^,6^5^ [-g^^Y+5'^^ei52 



^Ofc 



^00 (-^") 



-^0 4^1 {-9'') 



5t.eUi 



.m 



^00 (-^") 



(35) 
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(Note that in (135|) e'' is absent, since it enters (130|) without field-dependent coefficients.) The 
final result for flMj) can be presented in the same form as fl29|) . 



where 



and 



^[1,2] — '^0 I 9 ) t[;L_2] + "^fe 



,Ofc 



1,2 



+ 



lOO 



(-r) 



^[1,2] 



^[1,2] 



er,£ 



-.k^l. 



2^1,k ^1^2, fc 



k _ m k _ m k , ( ± ± _ I ±\ ' 
^[1,2] ~ ^2 tl,m ^1 t2,m "r \^l,m^2 ^2,m^l ) ^ 



mk 



(36) 



(37) 



Here the combination, e'"'^, which found in Dirac's Hamiltonian analysis of the EH action, 
is formed 



„0m „Ofc 
^mk ri"^^ n a"^^ X^ 



9 
Due to the presence of fields in fl37|) , one might conclude that this "soft algebra" structure 

signifies that the symmetry transformations no longer form a group. This is a possible out- 
come when fields appear in the structure constant, but not always. The field independence 
of the parameters in a commutator of two transformations is a sufficient condition to have 
an algebra, but not a necessary one. 

With the appearance of fields, such as in fl37j) . the double commutator must be checked 
by direct calculation. Again, we can use the general form of the results and consider the 
double commutator. We return to ( IMj) . which is a general expression whatever the field 
dependence of the gauge parameters might be, and by making the changes 1 — ?■ [1,2] and 
2 — )■ 3, we obtain 



'^[fl,2],3] - '^3'^[l,2],/3 - ^[l,2]^3,/3 + '^3'^[I,2] " ^[l,2]^i ■ (38) 

The evaluation of the first two terms is straightforward; but the second pair, because of the 
presence of ^m 21 (with fields, see (1371)). produces an additional contribution as compared to 
the simple change of indices (1 — )■ [1,2] and 2 — )■ 3) in (l35l) : 



hlh] - hld^ = ^o4,2]^3 {-9''Y + 4"4,2]'^3 



^Ofc 



-m 



{-9^ 



^k^s^l 



1,2 
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(39) 



r OA; 

The last contribution in the first hne was absent from (1351) because e^ is all field- 
independent. This additional contribution is 



^[[l,2],3] — <^3^[l,2] — (^l,m^2 ~ ^2,m^l ) '^3'^ 



mk 



After performing a transformation 636 , it leads to 



-A: _ ( ± ± _ ± ±\ ( m kn _. k mn _ pkm 

^[[1,2], 3] ~ \'^l,m^2 ^2,m^l ) 1^3,71^ "r ^3,n^ ^,n ^ 



km ^n 
3 



(40) 



+ {-9^ 



3—\ e--^(^— 



On 
kn km^ 

^ ^." Too 



^km 
',0 



The remaining contributions (see fl38|) and fl39|l ) are the same as those found in the previous 
calculations, so we can use ( 137|) with (1 — )• [1,2] and 2 — )■ 3), as before, to obtain: 



^[[1,2],3] — ^[1,2]^3,J + ^3^[l,2],j + ^[l,2],m^3^ ^3,m^[l,2]^ 



mk 



After the substitution of e^ gi , we have: 



(41) 



^[[l,2],3] 






1 ^2,m 



I mi I ± p± mi _ ± ± mi\ k 

' ^2 ^l,m' ^l,m^2^ ^2,m^l ^ ^ ^3,i 






+ ( ^1^2,n + ^2^1,nj m^3 ^ ^3,m ( ^1 ^2,n + ^2^1,nj 



,mfc 



(42) 



Combining (140|) and (142|) leads to some simplification; but the condition, which must be 
satisfied for the Jacobi identities to be correct, does not hold: 

^[[l,2],3] + ^[[2,3], 1] + ^[[3,1],2] 7^ 

(one contribution that prevents cancellation is the term in ( l40l) proportional to e^^e^). 

The EH action is invariant under the ADM transformations, but unlike diff, Sadm {g'^'^} 
do not form a group. This result illustrates that all possible symmetries, which can be 
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constructed easily from various combinations of DIs, are not equally good. There is one 
transformation (in general, some restricted class of transformations) that forms a group; and 
such transformations constitute the "basic" or "true" gauge symmetry of the Lagrangian. 
In analogy with the Hamiltonian formulation, one might call a symmetry that can form a 
group a "canonical" symmetry of the Lagrangian. 

IV. CONCLUSION 

The application of Dirac's method to derive the Hamiltonian formulations of the EH 
Lagrangian, Leh id^'^), and the ADM Lagrangian, Ladm {N,N\'jkm), leads to two differ- 
ent gauge symmetries; because of this difference in symmetries, it is no surprise that their 



flE 



Hamiltonian formulations are not related by a canonical transformation [4, l9|. If the Hamil- 
tonian method is considered to be an algorithm that allows one to restore a gauge symmetry, 
and if the Lagrangian and Hamiltonian methods are equivalent, then one might conclude 
that the two Lagrangians are not equivalent [4]. The expression "non-canonicity puzzle" 
was coined to describe this result [lO|. But if equivalence of two Lagrangians is assumed, 
then one might alternatively conclude that the Hamiltonian method is not an algorithm (at 
least in its currently known form or for this particular case); thus Dirac's method must be 
modified lll|,|l2J. 

In this paper we offer a preliminary answer to the question of how to compare the sym- 
metries of two Lagrangians which differ by invertible change of variables. Before such an 
undertaking is made, it is essential to understand how to distinguish two symmetries for 
the same Lagrangian. Based on Noether's theorem, we demonstrate that both symmetries 
{diff and ADM) are symmetries of the EH Lagrangian, when written for the same vari- 
ables; we also demonstrate that more symmetries can be constructed using the Lagrangian 
method. But a study of their group properties reveals that only one symmetry, diff, has 
group properties; and neither ADM nor any other symmetries, constructed by using a so- 
called field-dependent redefinition of gauge parameters, have such a property. Therefore, 
for the EH Lagrangian, only one distinct symmetry with a group property exists (canonical 
symmetry) . 

To call two Lagrangians equivalent, any and all canonical symmetries should be presented 
in both formulations. The ADM symmetry, which follows from the Hamiltonian formulation 



19 



of the ADM action, is not a canonical symmetry of the EH action. Of course, the question 
whether the ADM formulation possesses canonical symmetry needs to be answered. Such 
calculations are straightforward, but extremely cumbersome (the penalty for working with 
non-covariant variables); and the relatively simple calculations presented in this article, 
which use a quasi-covariant form to allow one to consider transformations for all components 
of metric at once, are impossible in the case of the ADM Lagrangian. The calculations must 
be performed separately for all fields, and the redefinition of the gauge parameters must 
be the same for all fields. The DIs are also much more complicated, especially for the 
transformation of the ADM variables under diffeomorphism^^; and such transformations 
must also be checked to determine if they correspond to symmetries with a group property 
for the ADM Lagrangian. 

From the analysis of the invariance of the EH Lagrangian performed in this paper, it 
follows that Sdiff has a group property; but Sadm does not. We are currently undertaking 
an investigation of the properties of these two symmetries for the ADM Lagrangian. There 
are four possible cases, all of which lead to contradictions and further questions. For the 
ADM Lagrangian, these cases are: 

(a) both transformations form groups; 

(b) neither transformation forms a group; 

(c) 6 ADM forms a group, but not 6diff] 

(d) Sdiff forms a group, but not Sadm- 

The first three of these cases lead to the non-equivalence of the Lagrangians. Cases (a) and 
(b) raise a question about the uniqueness of Dirac's procedure. The two transformations both 
form groups (case (a)), or neither of them forms a group (case (b)); but only one symmetry 
is chosen by the Hamiltonian procedure. Case (c) is consistent with the uniqueness of the 
Hamiltonian method, as for the EH action, it selects a symmetry with a group property; 
but the Lagrangians (ADM and EH) cannot be equivalent. 

Case (d) would imply an equivalence of the canonical symmetries of the ADM and EH 
Lagrangians, and that diff is a symmetry with group properties for the ADM Lagrangian; 



but such a conclusion contradicts the widely quoted statement of Isham and Kuchar 33| : 



'the full group of spacetime diffeomorphisms has somehow got lost in making the transition 



^^ In addition, such DIs are not covariant, and because of this, cannot be true in all coordinate systems. 
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from the Hilbert action to the Dirac-ADM action" (itahc is ours)^^. Such statements were 
based on the results of the Hamihonian formulation of the ADM Lagrangian with ADM 
gauge transformations. And one can often find claims that only spatial diff is a symmetry 
of the ADM formulation. (Such statements are not compatible at all with equivalence of 
the EH and ADM actions.) So, case (d) would inexorably lead one to conclude that Dirac's 
Hamiltonian method does not work for ADM variables (for the metric formulation of the 
EH action, it picks the symmetry with group properties, but for the ADM action it fails 
to do so). This outcome would force one to reconsider the "theoretical foundations"; to 



be more precise, to reconsider Dirac's method, as suggested in [11|, |12|, and to doubt its 
validity as an algorithm (at least in its current form). An algorithm should work without 
an a priori knowledge of the gauge symmetry, and not demand modification of the method 
to adjust its outcome to the results that are known, a priori, for a particular Lagrangian 
(e.g. ADM). Note also that such a formulation should be expected to be connected by a 
canonical transformation to the Hamiltonians of PSS and Dirac. We plan to continue this 
discussion after completing the analysis of the group properties of two transformations for 
the ADM Lagrangian. 

There is another solution to the "puzzle" , but it would probably not be well accepted or 
considered seriously in view of the movement to devalue the importance of general covariance. 
This historical change of views on covariance is expressed perfectly by Norton [34^: "When 
Einstein formulated his General Theory of Relativity, he presented it as the culmination 
of his search for a generally covariant theory. That this was the signal achievement of the 
theory rapidly became the orthodox conception. A dissident view, however, tracing back 
at least to objections raised by Eric Kretschmann in 1917, holds that there is no physical 
content in Einstein's demand for general covariance. That dissident view has grown into 
the mainstream. Many accounts of general relativity no longer even mention a principle or 
requirement of general covariance." 

Considering the EH action and its original variables (the metric tensor), the Hamilto- 
nian method (innately non- covariant) or combinations of DIs (which can be chosen to be 



^^ The name of Dirac is used incorrectly in this statement because Dirac's Hamiltonian is not canonically 
related to the ADM Hamiltonian and, in addition, Dirac's modification of the EH action is performed in 
the way to preserve Einstein's equations. Moreover, if case (d) is correct, then neither for the Dirac nor 
for the ADM action the diffeomorphism "got lost" . 
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unrestricted by covariance) both single out the one unique, covariant symmetry. Covariance 
is neither demanded nor encoded in either of these methods; but when they are apphed to 
covariant actions only covariant results are "somehow" produced. Many statements can be 



found in the literature that are similar to the recent one in 35|]: "one of the beauties of 
general relativity is that it is difficult to deform it without running into inconsistencies". 
Maybe, the solution to the "puzzle" is simple: do not destroy covariance - "one of the beau- 
ties" of Einstein's theory; and do not deform it by using non-covariant variables. Heeding 
these caveats will prevent one from "running into inconsistencies", finding contradictions, 
and facing such "puzzles" . Further, instead of being on the horns of a dilemma, to choose 
"canonical or covariant" [10|], one might simply conclude: only covariant results are canonical 
for General Relativity. 
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